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General exact solution of the Einstein–Dirac equations
with the cosmological constant in homogeneous space
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The general exact solution of the Einstein–Dirac equations with cos-
mological constant in the homogeneous Riemannian space of the Bianchi
1 type is obtained.
04.40.Nr, 04.20.Jb
I. INTRODUCTION
While integrating the Einstein–Dirac equations, one has to face two difficulties.
The first one is a purely technical difficulty related to the Einstein–Dirac equations being
a complicated system of nonlinear partial differential equations of the second order with 24
unknown functions. Some particular exact solutions1–6 of the Einstein-Dirac equations in
homogeneous spaces used to be obtained before only for the diagonal metrics of Riemannian
space.
The second difficulty is of a fundamental nature and related to the spinor field in Rie-
mannian space being definable only in some nonholonomic orthonormal bases (tetrads) to
be set. In other words, a gauge of the tetrads is necessary. Lots of such gauges are known,
and different authors proposed different gauges. Taken together these gauges either are
noninvariant with respect to transformation of variables in the observer’s coordinate system
or are written in the form of differential equations, which results in a complication of the
initial system of equations.
Physically, all gauges are equivalent, since the Einstein-Dirac equations are tetrad–choice
invariant. Mathematically, the use of a bad gauge (i.e. additional equations closing the
Einstein-Dirac ones) may seriously complicate the equations, but the use of a good gauge
may significantly simplify them.
To the difficulty in a reasonable gauge of tetrads detect is much related that in previous
papers1–6 solutions of the Einstein–Dirac equations have been obtained only for diagonal
metrics (for such metrics the vectors of the basis of a holonomic coordinate system are
orthogonal, and hence it is possible to make a natural choice of the tetrads related with an
orthogonal holonomic basis of Riemannian space).
Here we use the tetrad gauge7 that is algebraic and, at the same time, is formulated in
an invariant way. Using this gauge allows one to reduce the number of unknown functions
in the Einstein–Dirac equations by six units conserving the invariance of equations with
respect to transformation of variables of the observer’s coordinate system.
With the tetrad gauge being used here, all equations are formulated as the first-order
equations only for two invariants of the spinor field and Ricci rotation coefficients of the
proper bases defined by the spinor field. The Dirac equations after the tetrad gauge trans-
form into equations for Ricci rotation coefficients and for invariants of the spinor field, with
the Ricci rotation coefficients entering in these equations linearly and derivative-free. There-
fore in a homogeneous Riemannian space the Dirac equations prove to close the Einstein
equations for the Ricci rotation coefficients without using additional equations. In this case
one may first integrate the first order equations for the Ricci rotation coefficients and the
spinor field invariants, and then integrate the first order equations for scale factors.
With these two circumstances — a reduction of the number of unknown functions by six
units and a possibility of integrating the second order equations in two steps — considerable
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simplification of the Einstein–Dirac equations is related, which makes it possible to obtain
new exact solutions of these equations.
II. SPINOR FIELDS IN THE FOUR-DIMENSIONAL RIEMANNIAN SPACE
Let V is the four-dimensional Riemannian space with the metric signature (+,+,+,−),
referred to a system of coordinate with the variables xi and the holonomic vector basis Ji, i =
1, 2, 3, 4. The metric tensor of the space V is determined in basis Ji by covariant components
gij ; the connection is determined by the Christoffel symbols Γ
s
ij . Let us introduce in the
space V a smooth field of the orthonormal bases (tetrads) ea(x
i) (a = 1, 2, 3, 4), by the
relations
ea = h
i
aJi, Ji = hiaea, (1.1)
where hi
a, hia are the scale factors. We designate the indices of tensor components in the
basis Ji by Latin letters i, j, k, ... ; the indices of tensor components in the orthonormal
basis ea will be designated by the first letters of the Latin alphabet a, b, c, d, e, f .
The differential of the orthonormal basis vectors ea(x
i) is defined by the Ricci rotation
coefficients
dea = ∆i,a
b
ebdx
i, (1.2)
which are expressed via scale factors
∆i,ac =
1
2
[
hjc
(
∂ihja − ∂jhia
)− hja(∂ihjc − ∂jhic)+ hibhjahsc(∂jhsb − ∂shjb)]. (1.3)
Here ∂i = ∂/∂x
i is the symbol of a partial derivative with respect to the variable xi.
Let us determine in the Riemannian space V a spinor field of the first rank ψ(xi), given
by contravariant components ψA(xi) (A = 1, 2, 3, 4) in the orthonormal bases ea(x
i). The
spinor indeces of the components of any spin-tensor are lowered or raised by the formulas
ψA = eABψB, ψA = eABψ
B, (1.4)
where E = ‖eAB‖, E−1 = ‖eAB‖ are the covariant and contravariant components of the
metric spinor, defined by the equations
γTa = −EγaE−1, ET = −E. (1.5)
Here T is the transposition symbol; γa are the four-dimensional Dirac matrices that on
definition satisfy the equation
γaγb + γbγa = 2gabI, (1.6)
where I is the unit four-dimensional matrix, ‖gab‖ = diag(1, 1, 1,−1) the covariant compo-
nents of metric tensor in an orthonormal basis ea.
It should be noted, that in the equations (1.4) contracting is always done with respect to
the second index of antisymmetric components of the metric spinor.
Let us define also the conjugate spinor field with the covariant components ψ+ = ‖ψ+A‖
by the relation ψ+ = ψ˙Tβ, where the point above a letter denotes the complex conjugation;
the invariant spinor of second rank β is defined by the equations
γ˙Ta = −βγaβ−1, β˙T = β. (1.7)
The four-component spinor field ψ in general case has two real invariants ρ, η, which can
be defined by the equation
ρ exp iη = ψ+ψ + iψ+γ5ψ, (1.8)
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where γ5 = 124ε
abcdγaγbγcγd, ε
abcd are the components of the four-dimensional Levi–Chivita
tensor ε1234 = −1. In the Riemannian space V via the spinor field ψ and conjugate spinor
field ψ+ it is possible to define the proper orthonormal basis e˘a of the spinor field
e˘1 = pi
iJi, e˘2 = ξiJi, e˘3 = σiJi, e˘4 = uiJi. (1.9)
The vector components pii, ξi, σi, ui in the equations (1.9) are defined by the relations8,9
ρpii = Im(ψTEγiψ),
ρξi = Re(ψTEγiψ),
ρσi = ψ+γiγ5ψ,
ρui = iψ+γiψ,
(1.10)
where the invariant ρ is determined by the relation (1.8), the spin-tensors γi = hiaγ
a satisfy
the equation
γiγj + γjγi = 2gijI. (1.11)
It is obvious, that the scale factors h˘ia, corresponding to the proper basis e˘a, are deter-
mined by matrix
h˘ia =
∥∥∥∥∥∥∥
pi1 ξ1 σ1 u1
pi2 ξ2 σ2 u2
pi3 ξ3 σ3 u3
pi4 ξ4 σ4 u4
∥∥∥∥∥∥∥ . (1.12)
If the spin-tensors γa, E, β are determined by matrices
γ1 =
∥∥∥∥∥∥∥
0 0 0 i
0 0 i 0
0 −i 0 0
−i 0 0 0
∥∥∥∥∥∥∥ , γ2 =
∥∥∥∥∥∥∥
0 0 0 1
0 0 −1 0
0 −1 0 0
1 0 0 0
∥∥∥∥∥∥∥ , γ3 =
∥∥∥∥∥∥∥
0 0 i 0
0 0 0 −i
−i 0 0 0
0 i 0 0
∥∥∥∥∥∥∥ ,
γ4 =
∥∥∥∥∥∥∥
0 0 i 0
0 0 0 i
i 0 0 0
0 i 0 0
∥∥∥∥∥∥∥ , E =
∥∥∥∥∥∥∥
0 1 0 0
−1 0 0 0
0 0 0 −1
0 0 1 0
∥∥∥∥∥∥∥ , β =
∥∥∥∥∥∥∥
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0
∥∥∥∥∥∥∥ ,
(1.13)
then the components of spinor ψ calculated in the proper basis e˘a, are determined by the
invariants ρ, η as follows10
ψ˘ 1 = 0, ψ˘ 2 = i
√
1
2ρ exp
(
i
2η
)
,
ψ˘ 3 = 0, ψ˘ 4 = i
√
1
2ρ exp
(− i2η) . (1.14)
As is well known, the covariant derivative of spinor fields ψ, ψ+ in the Riemannian space
are defined by the relations11
∇sψ = ∂sψ − 1
4
∆s,ijγ
iγjψ, ∇sψ+ = ∂sψ+ + 1
4
ψ+∆s,ijγ
iγj. (1.15)
For the covariant derivative of spinor fields ψ, ψ+ the equations are valid
∇sψ =
(
−1
4
∆˘s,ijγ
iγj +
1
2
I∂s ln ρ− 1
2
γ5∂sη
)
ψ,
∇sψ+ = ψ+
(
1
4
∆˘s,ijγ
iγj +
1
2
I∂s ln ρ− 1
2
γ5∂sη
)
.
(1.16)
Here the invariants of spinor field ρ, η are defined by the equation (1.8), the Ricci rotation
coefficients ∆˘i,jk = h˘j
bh˘k
c∆˘i,bc correspond to the proper bases e˘a of a spinor field and are
calculated by the formula
∆˘s,ij =
1
2
(
pii∇spij−pij∇spii+ξi∇sξj−ξj∇sξi+σi∇sσj−σj∇sσi−ui∇suj+uj∇sui
)
. (1.17)
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The relations (1.16) in the four-dimensional pseudoeuclidean space have been obtained
in12,13. The relations (1.16) in a Riemannian space can be obtained from the corresponding
relations in pseudoeuclidean space by replacement particular derivative to covariant ones.
The relations (1.16) are satisfied identically in view of definitions of the quantities ρ, η,
∆˘s,ij .
III. EINSTEIN–DIRAC EQUATIONS WITH THE COSMOLOGICAL CONSTANT
Let us consider the set of equations
γa∇aψ +mψ = 0,
Rab − 1
2
Rgab + λgab = κTab.
(2.1)
Here ψ is a four-component spinor field in the four-dimensional Riemannian space of
events V , given in the orthonormal basis ea; m, λ, κ are constants; R = g
abRab is the scalar
curvature of space V , Rab the components of the Ricci tensor calculated in basis ea and
gab = diag(1, 1, 1,−1).
The components Tab of the energy–momentum tensor of the spinor field in basis ea are
defined by the relation
Tab =
1
4
(
ψ+γa∇bψ −∇bψ+ · γaψ + ψ+γb∇aψ −∇aψ+ · γbψ
)
. (2.2)
The equations (2.1) are invariant under the arbitrary pseudoorthogonal transformations
of tetrads ea, therefore for the closure of equations (2.1) it is necessary to add the additional
equations, defining tetrads ea. Such additional equations usually are called as the gauge
conditions. Further on we accept the gauge conditions ea = e˘a, i. e. we accept, that the
arbitrary tetrad ea in the equations (2.1) coincides with the proper tetrad of the spinor field
ψ. In this case the scale factors hia in the equations (2.1) coincide with coefficients h˘
i
a,
determined by matrix (1.12).
The Dirac equations in this case are written as the equations on the Ricci rotation coef-
ficients ∆˘a,bc and the invariants of the spinor field
7
D˘a ln ρ+ ∆˘b,a
b = 2mσ˘a sin η,
D˘aη +
1
2
εabcd∆˘b,cd = 2mσ˘
a cos η.
(2.3)
Here D˘a = h˘
i
a∂i = {pii∂i, ξi∂i, σi∂i, ui∂i}; σ˘a = σ˘a = (0, 0, 1, 0) are the components of
the vector e˘3 in the proper basis.
Coefficients ∆˘a,bc in the equations (2.3) are connected with the scale factors h˘
i
a by relation
∆˘a,bc =
1
2
[
h˘ja(D˘bh˘jc − D˘ch˘jb) + h˘jc(D˘ah˘jb + D˘bh˘ja)− h˘jb(D˘ah˘jc + D˘ch˘ja)
]
. (2.4)
The equations (2.3) are the identical record of the Dirac equations in the proper basis e˘a.
These equations can be received also from the Dirac equations in (2.1), if to replace in them
derivatives ∇iψ via the formula (1.16) and to produce algebraic transformations.
The replacement in equations (2.3) coefficients ∆˘a,bc via h˘
i
a yields the following system
of the invariant tensor equations7
∇iρpii = 0, ∇iρξi = 0, ∇iρσi = 2mρ sin η, ∇iρui = 0,
∇iη − 1
2
εijms (pij∇mpis + ξj∇mξs + σj∇mσs − uj∇mus) = 2mσi cos η. (2.5)
The Einstein equations in the proper basis e˘a it is convenient to write as
R˘ab = κT˘ab +
(
1
2
κmρ cosη + λ
)
gab. (2.6)
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For transformation of the Einstein equations to the form (2.6) it is necessary to take into
account, that in view of the equations (2.1) the follow equation is valid
R = −κTaa + 4λ = κmρ cos η + 4λ. (2.7)
The expression of tetrad components of the energy–momentum tensor in gauge ea = e˘a
is obtained in7:
T˘ab =
1
4
ρ
[
−σ˘bD˘aη − σ˘aD˘bη + 1
2
σ˘e
(
∆˘a,cdεb
cde + ∆˘b,cdεa
cde
)]
. (2.8)
The tensor components R˘ab we can express via the Ricci rotation coefficients
R˘ab =
1√−g∂j
[√−g (h˘jc∆˘b,ac − h˘jb∆˘c,ac)]− ∆˘f,bc∆˘c,af + ∆˘c,ac∆˘f,bf . (2.9)
Here g = det ‖gij‖.
Let us give also the expression of the Ricci rotation coefficients ∆˘a,bc immediately via the
vector components pii, ξi, σi, ui, which is obtained from the formula (2.4), if replace the
components h˘ia by the formula (1.12)
∆˘1,12 = ξ
iD˘1pii − piiD˘2pii, ∆˘2,12 = −piiD˘2ξi + ξiD˘1ξi,
∆˘3,12 =
1
2
(
ξiD˘3pii − piiD˘3ξi
)
+ 12
(−σiD˘2pii − piiD˘2σi + σiD˘1ξi + ξiD˘1σi),
∆˘4,12 =
1
2
(
ξiD˘4pii − piiD˘4ξi
)
+ 12
(−uiD˘2pii − piiD˘2ui + uiD˘1ξi + ξiD˘1ui),
∆˘1,23 =
1
2
(
σiD˘1ξi − ξiD˘1σi
)
+ 12
(
piiD˘2σi + σ
iD˘2pii − piiD˘3ξi − ξiD˘3pii
)
,
∆˘2,23 = σ
iD˘2ξi − ξiD˘3ξi, ∆˘3,23 = −ξiD˘3σi + σiD˘2σi,
∆˘4,23 =
1
2
(
σiD˘4ξi − ξiD˘4σi
)
+ 12
(
σiD˘2ui + u
iD˘2σi − ξiD˘3ui − uiD˘3ξi
)
,
∆˘1,31 = −σiD˘1pii + piiD˘3pii, ∆˘3,31 = piiD˘3σi − σiD˘1σi,
∆˘2,31 =
1
2
(
piiD˘2σi − σiD˘2pii
)
+ 12
(
piiD˘3ξi + ξ
iD˘3pii − ξiD˘1σi − σiD˘1ξi
)
,
∆˘4,31 =
1
2
(
piiD˘4σi − σiD˘4pii
)
+ 12
(
piiD˘3ui + u
iD˘3pii − σiD˘1ui − uiD˘1σi
)
,
∆˘1,14 = u
iD˘1pii − piiD˘4pii, ∆˘4,14 = −piiD˘4ui + uiD˘1ui,
∆˘2,14 =
1
2
(
uiD˘2pii − piiD˘2ui
)
+ 12
(
ξiD˘1ui + u
iD˘1ξi − piiD˘4ξi − ξiD˘4pii
)
,
∆˘3,14 =
1
2
(
uiD˘3pii − piiD˘3ui
)
+ 12
(
σiD˘1ui + u
iD˘1σi − piiD˘4σi − σiD˘4pii
)
,
∆˘1,24 =
1
2
(
uiD˘1ξi − ξiD˘1ui
)
+ 12
(
piiD˘2ui + u
iD˘2pii − piiD˘4ξi − ξiD˘4pii
)
,
∆˘2,24 = u
iD˘2ξi − ξiD˘4ξi, ∆˘4,24 = −ξiD˘4ui + uiD˘2ui,
∆˘3,24 =
1
2
(
uiD˘3ξi − ξiD˘3ui
)
+ 12
(
σiD˘2ui + u
iD˘2σi − ξiD˘4σi − σiD˘4ξi
)
,
∆˘1,34 =
1
2
(
uiD˘1σi − σiD˘1ui
)
+ 12
(
piiD˘3ui + u
iD˘3pii − piiD˘4σi − σiD˘4pii
)
,
∆˘2,34 =
1
2
(
uiD˘2σi − σiD˘2ui
)
+ 12
(
ξiD˘3ui + u
iD˘3ξi − ξiD˘4σi − σiD˘4ξi
)
,
∆˘3,34 = u
iD˘3σi − σiD˘4σi, ∆˘4,34 = −σiD˘4ui + uiD˘3ui.
(2.10)
At an integration of the Einstein–Dirac equations it is useful to take into account also the
matrix of the components of the energy–momentum tensor, which is obtained in correspon-
dence with definition (2.8):
T˘ab =
1
4
ρ
∥∥∥∥∥∥∥∥
2∆˘1,24 ∆˘2,24 − ∆˘1,14 −D˘1η + ∆˘3,24 ∆˘4,24 − ∆˘1,12
∆˘2,24 − ∆˘1,14 −2∆˘2,14 −D˘2η − ∆˘3,14 −∆˘2,12 − ∆˘4,14
−D˘1η + ∆˘3,24 −D˘2η − ∆˘3,14 −2D˘3η −D˘4η − ∆˘3,12
∆˘4,24 − ∆˘1,12 −∆˘2,12 − ∆˘4,14 −D˘4η − ∆˘3,12 −2∆˘4,12
∥∥∥∥∥∥∥∥
. (2.11)
The equations (2.3), (2.6), (2.9) — (2.11) in the given system of coordinate xi represent
a closed set of equations for determining the functions pii(x
j), ξi(x
j), σi(x
j), ui(x
j), ρ(xj),
η(xj). The contravariant components of the metric tensor of the Riemannian space are
expressed via pii(x
j), ξi(x
j), σi(x
j), ui(x
j) by the relation
gij = h˘iah˘
j
bg
ab = piipij + ξiξj + σiσj − uiuj. (2.12)
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IV. GENERAL EXACT SOLUTION OF THE EINSTEIN–DIRAC EQUATIONS
IN HOMOGENEOUS SPACE
Let us consider a four-dimensional Riemannian space referred to synchronous system of
coordinates with variables xi, in which on definition are valid the equations
g44 = g
44 = −1, g4α = g4α = 0, α = 1, 2, 3. (3.1)
We shall seek the solutions of the equations (2.3), (2.5), (2.6), (2.9) — (2.11) in the syn-
chronous system of coordinate in the supposition, that all unknown functions depend only
from parameter x4 = t. Thus, it is suposed, that the space V is the homogeneous Bianchi
1 type Riemannian space.
In this case the equations (2.5) are written as
∂4(
√−g ρpi4) = 0, ∂4(√−g ρξ4) = 0, ∂4(√−g ρu4) = 0,
∂4(
√−g ρσ4) = 2m√−g ρ sin η, ∂4η = −2mσ4 cos η.
(3.2)
The set of equations (3.2) and equation
g44 ≡ pi4pi4 + ξ4ξ4 + σ4σ4 − u4u4 = −1 (3.3)
are the complete set for determining the quantities pi4, ξ4, σ4, u4, η, ρ
√−g. The general
solution of the equations (3.2), (3.3) has the form
Cρ
ρ
√−g =
pi4
Cpi
=
ξ4
Cξ
=
u4
Cu
=
1√
1 + C2σ cos
2(2mt+ ϕ)
,
σ4 =
εCσ sin(2mt+ ϕ)√
1 + C2σ cos
2(2mt+ ϕ)
, exp iη = ε
1 + iCσ cos(2mt+ ϕ)√
1 + C2σ cos
2(2mt+ ϕ)
,
(3.4)
where ϕ, Cpi , Cξ, Cσ, Cu ≥ 1, Cρ > 0 are the integration constants; coefficient ε can take
any of the two values +1 or −1. By virtue of the condition of synchronism (3.3) the constans
C are connected by the relation
(Cpi)
2 + (Cξ)
2 + (Cσ)
2 − (Cu)2 = −1. (3.5)
Let us introduce the notation ha = h˘
4
a = (pi
4, ξ4, σ4, u4). From the solution (3.4) we find
{h1, h2, h4} = 1√
1 + C2σ cos
2(2mt+ ϕ)
{Cpi, Cξ, Cu}. (3.6)
It is clear from here, that by virtue of solution (3.4) the directions of the three-dimensional
vector with components h1, h2, h4 does not depend on parameter t.
From definition (2.4) it follows, that the Ricci rotation coefficients ∆˘a,bc can be presented
in the form
∆˘a,bc =
1
2
(hbsac − hcsab − haabc), (3.7)
where by definition
sab = sba = h˘
i
a∂4h˘ib + h˘
i
b∂4h˘ia,
aab = −aba = h˘ia∂4h˘ib − h˘ib∂4h˘ia.
(3.8)
The quantities ha in the formula (3.7) are determined by solution (3.4) as the functions of
parameter t, therefore the relation (3.8) expresses 24 dependent functions ∆˘a,bc only through
16 functions sab, aab.
By virtue of definition (3.8) the quantities sab in a synchronous system of the coordinates
satisfy the identities
hbsab = 0, sa
a = 2∂4 ln
√−g. (3.9)
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From the first identity in (3.9) it follows, that the ten symmetrical components sab contains
generally the six independent ones.
From the equations (2.3) it follows, that the antisymmetric quantities aab are determined
by equality
aab = 4m
[
(σ˘ahb − σ˘bha) sin η − εabcdσ˘chd cos η
]
. (3.10)
Using the equations (3.9), (3.10) and definitions (2.9), (2.11) for Tab, Rab we can transform
the Einstein equations (2.6) into the equivalent set of equations
∂4(
√−g sab)− 2
√−g (m cos η + 18κρ) (εcefasbf + εcefbsaf)hcσ˘e−
−2m√−g (hasbc + hbsac)σ˘c sin η = (κmρ√−g cos η + 2λ√−g)(gab + hahb),
(sa
a)
2 − sabsab = 8(κmρ cosη + λ).
(3.11)
The quantity ρ
√−g cos η in the right part of the first equation (3.11) by virtue of the
solution (3.4) is constant
ρ
√−g cos η = εCρ. (3.12)
The first equation in (3.11) is obtained by contracting of the Einstein equations in (2.6) with
the tensor components δac + hch
a by the index a. The second equation in (3.11) is obtained
by contracting of the Einstein equations in (2.6) with the components of tensor gab+2hahb
by the indices a, b.
The contracting of the equations (3.11) with gab by the indices a, b gives the equation
∂4∂4
√−g = 3
2
κmεCρ + 3λ
√−g (3.13)
for definition of the quantity
√−g.
If the cosmological constant λ is positive λ > 0, the solution of the equation (3.13) has
the form
√−g = εκm
2λ
Cρ
[
−1 + f1 sinh
(√
3λ t
)
+ f2 cosh
(√
3λ t
)]
, (3.14)
where f1, f2 are arbitrary constants.
If λ < 0, for
√−g is obtained
√−g = εκm
2λ
Cρ
{
−1 + f sin[√−3λ (t− t◦)]} , (3.15)
where f , t0 are the integration constants.
The case λ = 0 has been considered in14,15.
As a direction of the three-dimensional vector with components h1, h2, h4 does not depend
on parameter t, then by the constant Lorentz transformation of the basis vectors e˘1, e˘2, e˘4
it is possible to transform the components h1, h2 to zero. The initial set of equations (2.3),
(2.6), (2.9) – (2.11) is invariant under the arbitrary constant Lorentz transformation of the
vectors e˘1, e˘2, e˘4. Therefore without loss of generallity it is enough to consider a solution
of the equations (2.3), (2.6), (2.9) - (2.11) only at h1 = h2 = 0. Under this condition the
first equation in (3.11) can be written in the form
7
∂4(s33
√−g )− 4mσ4 sin η s33√−g =
(
εκmCρ + 2λ
√−g )(u4)2,
∂4(s23
√−g )− 2mσ4 sin η s23√−g −
(
2m cosη + 14κρ
)
u4s13
√−g = 0,
∂4(s13
√−g )− 2mσ4 sin η s13√−g +
(
2m cosη + 14κρ
)
u4s23
√−g = 0,
∂4(s11
√−g ) + 2
(
2m cosη + 14κρ
)
u4s12
√−g = εκmCρ + 2λ
√−g,
∂4(s22
√−g )− 2
(
2m cosη + 14κρ
)
u4s12
√−g = εκmCρ + 2λ√−g,
∂4(s12
√−g )−
(
2m cos η + 14κρ
)
u4(s11 − s22)√−g = 0,
∂4(s14
√−g ) +
(
2m cosη + 14κρ
)
u4s24
√−g − 2mu4 sin η s31√−g = 0,
∂4(s24
√−g )−
(
2m cosη + 14κρ
)
u4s14
√−g − 2mu4 sin η s23
√−g = 0,
∂4(s34
√−g )− 2mσ4 sin η s34√−g = u4(εκmCρσ4 + 2m sin η s33√−g ),
∂4(s44
√−g )− 4mu4 sin η s34√−g =
(
εκmCρ + 2λ
√−g )(σ4)2.
(3.16)
The general solution for sab has the form:
s11 = ρu
4
[
−1
3
N +
2
3CρCu
∂4
√−g + 1
2
B sin 2(ζ + β)
]
,
s22 = ρu
4
[
−1
3
N +
2
3CρCu
∂4
√−g − 1
2
B sin 2(ζ + β)
]
,
s33 =
2
3
ρ(u4)3
(
N +
1
CρCu
∂4
√−g
)
,
s44 =
2
3
ρu4(σ4)2
(
N +
1
CρCu
∂4
√−g
)
,
s12 = −1
2
ρu4B cos 2(ζ + β),
s34 =
2
3
ρσ4(u4)2
(
N +
1
CρCu
∂4
√−g
)
,
s13 =
1
2
ρ(u4)2A cos(ζ + α), s14 =
1
2
ρu4σ4A cos(ζ + α),
s23 =
1
2
ρ(u4)2A sin(ζ + α), s24 =
1
2
ρu4σ4A sin(ζ + α),
(3.17)
where A, B, N , α, β are the arbitrary constants; the quantity
√−g in the equations (3.17)
is defined by the equalities (3.14), (3.15); the quantity ζ is defined by the follow relation
ζ =
∫ (
2m cosη +
1
4
κρ
)
u4 dt = ε arctg
(
tan(2mt+ ϕ)√
1 + C2σ
)
+
1
4
κτ. (3.18)
The integral τ =
∫
ρu4dt in the formula (3.18) depends from the value of cosmologic constant
λ and will be calculated further.
Substituting in the second equation in (3.11) the components sab by the formulas (3.17),
we obtain a connection between the integration constants A, B, N and f1, f2. In the case
λ > 0 is obtained the following relation
f22 − f21 = 1−
λ
κ2m2
C2u
(
1
4
A2 +
1
4
B2 +
1
3
N2
)
≤ 1.
It is obvious, that if f22 ≥ f21 , then the formula (3.14) for
√−g can be presented as
√−g = εκm
2λ
Cρ
{
−1 + f cosh[√3λ (t− t◦)]} , |f | ≤ 1, (3.19a)
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where t◦, f are the arbitrary constants, f
2 = f22 − f21 .
The singular points of the solution (3.19 a) are determined by the equation f cosh
[√
3λ (t−
t◦)
]
= 1. The solution has one singular point, if f = 1 and two singular points, if 0 < f < 1.
If f ≤ 0 (in this case ε = −1), the solution has no singular points.
If f22 < f
2
1 , for
√−g the equality is valid
√−g = εκm
2λ
Cρ
{
−1 + f sinh[√3λ (t− t◦)]} , (3.19b)
where f2 = f21 −f22 . In this case the solution has one singular point, defined by the equation
f sinh
[√
3λ (t− t◦)
]
= 1.
If λ < 0, the following formula for the integration constant f in (3.15) is obtained
f2 = 1− λ
κ2m2
C2u
(
1
4
A2 +
1
4
B2 +
1
3
N2
)
≥ 1.
In this case there are indefinitely many singular points, are determined by the equation√−g = 0.
The condition
√−g > 0 yields a restriction on the values of the integration constants and
the domain of existence of the solution.
Using definition (1.14) and formulas (3.4), we can write out solution for the components
of spinor field in the proper basis
ψ˘ = ±
∥∥∥∥∥∥∥∥∥∥∥∥∥∥
0
i
√
εCρ
1 + iCσ cos(2mt+ ϕ)
2
√−g
0
i
√
εCρ
1− iCσ cos(2mt+ ϕ)
2
√−g
∥∥∥∥∥∥∥∥∥∥∥∥∥∥
,
where
√−g, depending on a sign λ, is defined by the formula (3.15) or formulas (3.19 a,b).
The equations (3.4), (3.10), (3.17) completely determine the Ricci rotation coefficients
∆˘a,bc by the formula (3.7) and represent the first integral of the equations (2.3), (2.5), (2.6),
(2.9) — (2.11). For determining of the general solution of the equations (2.3), (2.5), (2.6),
(2.9) — (2.11) it is now enough to integrate the equations (3.8), from which follows
∂4h˘ib =
1
2
(
sab + aab
)
h˘i
a. (3.20)
In view of definition (1.12) the quantities h˘i
a and found solutions (3.10), (3.17) for sab, aab,
the equation (3.20) is possible to transform to the form
d
dτ
(
u4σj − σ4uj
)
=
1
4
A
[
pij cos(ζ + α) + ξj sin(ζ + α)
]
,
+
(
u4σj − σ4uj
)( 1
3
√−g
d
dτ
√−g + 1
3
N
)
,
d
dτ
(
ξj + ipij
)
= (ξj + ipij)
(
1
3
√−g
d
dτ
√−g − 1
6
N − i2m
ρ
cos η
)
,
− i
4
(
ξj − ipij
)
B exp
[−2i(ζ + β)] + i
4
A
(
u4σj − σ4uj
)
exp[−i(ζ + α)].
(3.21)
The differential dτ in (3.21) is defined by equality dτ = ρu4dt. The set of equations (3.21)
should be supplemented by the condition of synchronism
g4α ≡ σ4σα − u4uα = 0, α = 1, 2, 3. (3.22)
For the parameter τ we have
τ =
∫
ρu4dt = CρCu
∫
dt√−g .
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If the cosmological constant is positive λ > 0 and κm 6= 0, a calculation by means of the
equations (3.19 a,b) gives
τ =
2λCu
εκm
∫
dt
−1 + f sinh[√3λ (t− t◦)]
=
2
√
λCu√
3 εκm
1√
1 + f2
ln
∣∣∣∣∣f −
√
f2 + 1 + tanh 12
√
3λ (t− t0)
f +
√
f2 + 1 + tanh 12
√
3λ (t− t0)
∣∣∣∣∣+ τ0
(3.23a)
and
τ =
2λCu
εκm
∫
dt
−1 + f cosh[√3λ (t− t◦)]
=
2
√
λCu√
3 εκm
1√
1− f2 ln
∣∣∣∣∣f − 1 +
√
1− f2 tanh 12
√
3λ (t− t0)
f − 1−
√
1− f2 tanh 12
√
3λ (t− t0)
∣∣∣∣∣+ τ0,
(3.23b)
where τ0 is the arbitrary constant.
At λ < 0 (f2 > 1) by means of (3.15) we obtain
τ =
2λCu
εκm
∫
dt
−1 + f sin[√−3λ (t− t◦)]
=
2
√−λCu√
3 εκm
1√
f2 − 1 ln
∣∣∣∣∣tan
1
2
√−3λ (t− t0)− f −
√
f2 − 1
tan 12
√−3λ (t− t0)− f +
√
f2 − 1
∣∣∣∣∣+ τ0.
(3.24)
Let us change now the unknowns functions (piλ, ξλ, σλ, uλ)→ (pi0λ, ξ0λ, θλ) in the equations
(3.21)
ξλ + ipiλ =
(
ξ0λ + ipi
0
λ
)
(
√−g )1/3 exp
(
− 16Nτ − iζ
)
,
σλ = θλ(
√−g )1/3u4 exp
(
− 16Nτ
)
,
uλ = θλ(
√−g )1/3σ4 exp
(
− 16Nτ
)
.
(3.25)
Here ζ is defined by the relation (3.18), quantities σ4, u4 are defined by the solution (3.4),√−g is determined by equalities (3.15) or (3.19 a, b). In outcome the condition of synchro-
nism (3.22) is satisfied identically, and the set of equations (3.21) goes over into the set of
linear equations with the constant coefficients:
d
dτ
(
ξ0λ + ipi
0
λ
)
=
i
4
κ
(
ξ0λ + ipi
0
λ
)− i
4
B
(
ξ0λ − ipi0λ
)
e−2iβ +
i
4
Aθλe
−iα,
d
dτ
θλ =
1
4
A
(
pi0λ cosα+ ξ
0
λ sinα
)
+
1
2
Nθλ.
(3.26)
At j = 4 the equations (3.21) are satisfied identically by virtue of conditions h1 = h2 = 0.
Using definition (2.12), we obtain the expression for the spatial components of metric
tensor gαβ via the vector components pi
0
α, ξ
0
α, σ
0
α:
gαβ =
(√−g ) 23 e− 13Nτ(pi0αpi0β + ξ0αξ0β + θαθβ). (3.27)
To the equations (3.26) for each value of an index λ = 1, 2, 3 corresponds the characteristic
equation for an eigenvalue q
det

14
∥∥∥∥∥∥
B sin 2β −B cos 2β + κ A cosα
−B cos 2β − κ −B sin 2β A sinα
A cosα A sinα 2N
∥∥∥∥∥∥− qI

 = 0,
which is possible to write as
2(N − 2q)(16q2 + κ2 −A2 −B2) +A2[2N −B sin 2(α− β)] = 0. (3.28)
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The solution of the equation (3.28) in general case is determined by the Cardano formulas.
A simple solution of this equation is obtained in the case A = 0 and 2N = B sin 2(α − β).
A solution of equations (3.26) in the case A = 0 has been considered in14,15.
Let us consider the case, when is valid the equation 2N = B sin 2(α− β), A 6= 0. In this
case for the eigenvalues we have q1 =
1
2N , q2 =
1
4
(
A2 + B2 − κ2)1/2 and q3 = − 14(A2 +
B2 − κ2)1/2. If 0 < A2 + B2 < κ2, it is possible to write a solution of the equations (3.26)
as follows
ξ0λ + ipi
0
λ = e
−iα{−AQλe 12Nτ + [−(κ+Be2i(α−β))Fλ + 4iΛGλ] cosΛτ
+ [−(κ+Be2i(α−β))Gλ − 4iΛFλ] sinΛτ},
θλ = [κ−B cos 2(α− β)]Qλe 12Nτ +A(Fλ cosΛτ +Gλ sinΛτ).
(3.29)
Here Λ = 14
√
κ2 −A2 −B2; Fλ, Gλ, Qλ are the integration constants connected by the
relation
εαβλFαGβQλ = (κ
2 −A2 −B2)−3/2, (3.30)
where εαβλ is the Levi-Chivita symbol. A relation (3.30) expresses the equality between the
value of
√−g, calculated from the solution (3.29), by its values (3.15), (3.19 a,b). For spatial
components of the metric tensor by means of the formulas (3.27) the following expression is
obtained
gαβ = (
√−g )2/3e− 13Nτ
{
QαQβ{A2 + [κ−B cos 2(α− β)]2}eNτ
+ (FαGβ + FβGα)[M sin 2Λτ − 4ΛB sin 2(α− β) cos 2Λτ ]
+ FαFβ [16Λ
2 +M +M cos 2Λτ + 4ΛB sin 2(α− β) sin 2Λτ ]
+ GαGβ [16Λ
2 +M −M cos 2Λτ − 4ΛB sin 2(α− β) sin 2Λτ ]
+ (FαQβ + FβQα)2κAe
1
2
Nτ cosΛτ
+ (GαQβ +GβQα)2κAe
1
2
Nτ sinΛτ
}
,
(3.31)
where the contracted notation is entered
M = A2 +B2 + κB cos 2(α− β).
The quantity
√−g in the right part of equality (3.31) is defined by the equations (3.19
a,b) or (3.15). It is obvious, that by the constant transformation of the variable x1, x2, x3
it is always possible to transform components Fα, Gα, Qα to the form
Fα =
{
(κ2 −A2 −B2)−1/2, 0, 0}, Gα = {0, (κ2 −A2 −B2)−1/2, 0},
Qα =
{
0, 0, (κ2 −A2 −B2)−1/2}. (3.32)
The formula (3.31) at A2+B2 6= 0 determine the oscillatory regime of an motion to singular
points of the solution.
If A2+B2 > κ2, then the trigonometric functions in (3.29) are replaced by the hyperbolic
ones.
To the diagonal metric gij there corresponds the case, when the integration constants A,
B in the equations (3.26) are equal to zero. In this case we have
ξ0λ + ipi
0
λ = κ(−Fλ + iGλ) exp i4κτ,
θλ = κQλ exp
1
2Nτ.
(3.33)
Taking into account equality (3.27), we obtain the solution for the components of the
metric tensor
gαβ = κ
2
(√−g)2/3 [e− 13Nτ (FαFβ +GαGβ)+ e 23NτQαQβ] . (3.34)
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Here the quantity
√−g is defined by the formulas (3.15) or (3.19 a,b), and eNτ is defined
by the relations
eNτ =
(
f − 1 +
√
1− f2 tanh 12
√
3λ (t− t0)
f − 1−
√
1− f2 tanh 12
√
3λ (t− t0)
)2ε
for λ > 0, f21 < f
2
2 ,
eNτ =
(
f −
√
f2 + 1 + tanh 12
√
3λ (t− t0)
f +
√
f2 + 1 + tanh 12
√
3λ (t− t0)
)2ε
for λ > 0, f21 > f
2
2 ,
eNτ =
(
tan 12
√−3λ (t− t0)− f −
√
f2 − 1
tan 12
√−3λ (t− t0)− f +
√
f2 − 1
)2ε
for λ < 0.
(3.35)
If Fλ, Gλ, Qλ to define by the relations
Fα =
{
κ−1, 0, 0,
}
, Gα =
{
0, κ−1, 0
}
, Qα =
{
0, 0, κ−1
}
, (3.36)
then the metric (3.33) is diagonal.
If A = B = N = 0, then
gαβ = κ
2
(√−g)2/3 (FαFβ +GαGβ +QαQβ) , (3.37)
where
√−g is determined by the formulas (3.19 a), (3.15) and f2 = 1.
Some particular solutions of the Einstein–Dirac equations with the cosmological constant
in the homogeneous Riemannian space of the Bianchi 1 type with the diagonal metric have
been obtained in5,6 (without cosmological constant see1–4,14,15).
Let us consider the transformation of coordinates (xα, t)→ (xα, τ) defined by the equation
dτ = ρu4dt. The function τ(t) is determined by relations (3.23 a,b), (3.24). Quantities√−g g4i in the transformed system of coordinate with variables xα, τ have the form
(
√−g g4α)′ = 0, (√−g g44)′ = const.
From here follows, that in the system of coordinate with the variables xα, τ is satisfied the
harmonicities condition
[
∂j(
√−g gij)]′ = d
dτ
(
√−g g4i)′ = 0.
Thus, parameter τ is the time in the harmonic system of coordinate.
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